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FREFACE 

Advances  In  the  design  of  hypersonic  vehicles  can  be  realized 
only  If  the  structural  and  thermal  problems  engendered  by  the  high 
surface-heating  rates  are  alleviated.  The  Injection  of  a  coolant 
Into  the  boundary  layer  on  the  surface  of  a  vehicle,  l.e.,  mass- 
transfer  cooling.  Is  one  method  for  reducing  heating  rates. 

In  this  Memorandum  the  problem  of  a  hypersonic  flow  on  a  flat 
plate  with  surface  mass  transfer  Is  examined  to  determine  the  sig¬ 
nificant  parameters  which  affect  the  solution.  This  work  Is  the 
beginning  of  a  general  study  of  hypersonic  flow  with  mass-transfer 


cooling . 
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SUMMARY 


An  account  Is  presented  of  the  development  of  an  approximation 
theory  for  the  problem  of  hypersonic  strong  viscoias  interaction  on  a 
flat  plate  vrith  mass  transfer  at  the  plate  surface,  ^e  disturbance- 
flow  region  is  divided  into  Invlscld-  and  vlscotis-flov  regions.  !Ibe 
hypersonic-small -perturbation  theory  is  applied  to  the  solution  of 
the  Invlscid-flov  region.  The  method  of  similar  solutions  of  conQ>res- 
sible  laminar-boundary-layer  equations  is  applied  to  the  treatment  of 
the  viscous -flow  region.  The  pressure  euad  the  norma]  velocity  are 
matched  between  the  invlscld-  and  viscous-flow  solutions.  The  law  of 
surface  mass  transfer  for  similar  solutions  is  derived.  Formulas  for 
induced  surface  pressure,  boundary-layer  thickness,  skin-friction  co¬ 
efficient,  and  heat- transfer  coefficient  are  obtained.  Numerical  re¬ 
sults  and  their  significance  are  discussed. 

The  most  significant  results  obtained  from  the  data  presented  are 
(l)  the  boundary  layer  thickens  with  injection  so  that  the  interaction 
phenomena  increase,  (2)  the  skin-friction  coefficient  and  heat-transfer 
coefficient  exhibit  remarkably  linear  behavior  with  respect  to  injec¬ 
tion,  and  (3)  the  Reynolds  Analogy  is  valid  only  for  the  cold-wall 


case. 
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I.  IWRODUCTKai 

Alleviation  of  Mrodysaale  heating  on  the  surface  of  a  hjrpereoolc- 
velocity  vehicle  can  be  achieved  by  cooling  aethods  usli^  surface 
mass  transfer.  Three  such  methods  that  hold  great  pronlse  are^^^ 

1.  Trcutsplratlon  cooling 

2 .  Film  cooling 

3.  Sublimation  or  ablation  cooling 

In  the  transplratlon-coollng  method,  the  surface-mass-transfer  rate 
is  arbitrarily  controlled.  In  the  methods  of  film  cooling  and  subli¬ 
mation  or  ablation  cooling,  the  surface-mass-transfer  rate  Is  not 
entirely  arbitrary.  Hovever,  all  of  these  methods  possess  the  same 
main  feature:  the  Injection  of  a  foreign  material  from  the  body 
surface  Into  the  bouz:dary  layer.  As  a  residt  of  this  injection.  It 
can  be  expected  that  several  new  elements  must  be  admitted  Into  the 
analysis  of  the  boundary-layer  phenomena: 

1.  The  heat-energy  balance  In  the  bouncLary  layer  must  be  con¬ 
siderably  modified  to  account  for  the  surface-mass-transfer 
effects . 

2.  ihe  momentum  equation  Is  modified  to  Include  the  normal 
velocity  component  at  the  wall.  This  results  In  a  change 
In  the  velocity  distribution  In  the  boundary  layer. 

3.  Ihe  Injected  foreign  materied  vlU  diffuse  through  the 
medn  boundary-layer  stream,  causing  a  cheuage  in  the  compo¬ 
sition  of  the  fluid. 

Surely  these  effects  are  nnxtually  Interdependent.  An  accurate  au»ly- 
tlc  formulation  of  the  multicomponent-boundary-layer  flow  Is  possible 


but  difficult.  As  a  slnplB  approximation,  the  prcblem  can  be  treated 
as  the  laminar-boundary-layer  flow  of  a  binary  mixture.'  '  Adopting 
the  simplifying  assumption  that  the  Levis  number  Is  unity,  the  analyti¬ 
cal  characteristics  of  the  laminar-boundary-layer  equations  for  a 
binary  mixture  have  been  examined  In  Ref.  3>  where  the  Introduction 
of  a  new  characteristic-temperature  fimctlon  reduces  the  binary- 
boundary- layer  equations  to  those  for  a  pure  gas.  Therefore,  an 
approximate  ajialysls  of  the  surface-mass-transfer  effects  ccm  be  made 
by  considering  only  those  modifications  mentioned  In  Items  1  and  2 
above.  By  Interpretation  of  these  Initial  results  according  to  the 
method  of  Ref.  3i  estlijates  of  the  effects  due  to  Item  3  above  can 
be  obtained.  In  the  main  part  of  this  Memorandum,  therefore,  we  shall 
deal  with  the  boundary- layer  equations  of  a  pure  gas. 

It  Is  well  known  In  the  study  of  hypersonic  viscous  flow  past 
a  flat  plate  that  there  exists  a  region  of  strong  Interaction  between 
the  leading-edge  shock  wave  and  the  viscous  boundary  layer.  In  the 
present  Memorandum,  we  shall  study  the  effects  of  surface  mass  trans¬ 
fer  on  this  strong- Interaction  phenomena.  This  problem  has  previously 

(k) 

been  treated- by  Yasuhara, '  '  ^o  confined  his  attention  to  the  case 
of  an  Insulated  flat  plate  and  used  the  Karman-Pohlhausen  method  for 
solution  of  the  equations.  For  the  surf ace-mass- tremsfer  rates  used 
In  Ref.  k,  we  shedl  show  that  the  boundary- layer  equations  admit  simi¬ 
lar  solutions.  We  shall  then  proceed  to  apply  the  method  of  similar 
solutions  of  the  compresslble-lamlnar-boundary-le^r  equations'^'  to 
the  present  problem.  Both  the  Insulated  and  the  nonlnsulated  flat 
plates  will  be  considered.  In  deriving  the  system  of  differential 
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equatlons,  we  dieOl  neglect  terns  of  the  order  of  where  the 
free-strean  Mach  aunber  la  assuned  to  be  ^  1*  Oie  differential 
eqxiatlons  thus  obtained  are  nonlinear  and  can  be  Integrated  nuBerl> 
cally.  Results  of  such  integration  (for  Rr  ■  1,  tu  ■  l)  will  be  ire> 
sented.  These  results  will  then  be  used  to  provide  estlnates  of  the 
effects  of  mass  transfer  on  the  stroi«> Interaction  phenoisena.  Ue 
shall  find  that  the  magnitude  of  the  surface  temperature  plays  an 
important  role  In  this  problem.  Indeed,  one  effect  of  injection 
is  to  keep  the  plate  surface  temperature  low,  which  tends  to  alleviate 
the  strong-interaction  phenonena.  Another  effect  of  injection  is  to 
increase  the  boundary-layer  displacement  thickness  and  thus  to  increase 
the  strong-interaction  phenomena,  n^ese  opposing  effects  are  both 
Importeuit  for  a  certain  range  of  injection  rates.  In  the  numerical 
examples,  we  shall  also  consider  some  cases  of  negative  injection 
rates  which  can  be  Interpreted  as  applying  suction  at  the  body  sur- 


ConslAer  a  flat  plate  at  y  «  o  (Fig.  1)  and  extending  from  x  ■  o  to 
X  ■  «.  At  the  plate  surface,  a  peurtleular  rate  of  mass  transfbr  due  to 
injeetlon  is  allousd,  the  rate  of  mss  transfer  being  detezmLned  in  a 
manner  to  he  described  later.  A  uniform  stream  vlth  velocity  U  parallel 
to  the  plate  is  deflected  hy  the  viscous  boundary  layer  on  the  plate  surface 
This  flov  defleetlen  is  acecopanled  by  a  bhock  vave  emanating  from  the 
leading  edge  of  the  plate.  Qiere  is  a  nonlinear  coupling  between  the 
growth  of  the  boundary  layer  and  the  variation  of  the  shock-wave  strength 
in  the  strong- interaction  region  on  the  flat  plate  where 


ifv, 


X  being  the  distance  frem  the  leading  edge  of  the  plate,  ^e  disturbed 

flow  is  separated  from  the  undisturbed  flow  by  the  leading-edge  shock  wave. 

Hie  region  between  the  shock  wave  cmd  the  plate  surface  can  be  divided  in 

the  range  of  x,  as  defined  in  Eq.  (l),  into  an  Invlscld-flow  region  and  a 

(6  7i 

viscous-boundary-layer  region. '  *  ’ '  The  basic  system  of  equations  for 
the  disturbed-flow  region  can  be  written  as  follows: 


|j(pu)  +  ^(pv) 


&u 

pu  ^  +  pv 


5v  .  dv 


Y 


Fig.  1 — Coordinate  system  and  flot  plate 
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p  ■  RpT  (^) 

Wb  ascun  that  the  fluid  aadiun  conalatB  of  a  pure  perfect  gaa  vlth 
caoatcuot  specific  heat;  therefore,  1  ■  c^  T.  As  stated  in  the  Introduction, 
we  regard  these  simplifying  assumptions  as  acceptable  for  an  ixiltlal  attempt, 
and  we  ithall  consider  the  corrections  to  account  for  the  ingperfect- gas- 
mixture  behavior  in  a  later  section.  Equation  (a)  is  the  continuity  eqiua* 
tlon  for  the  entire  disturbed- flow  region.  Equation  (3)  is  the  bouxwlary- 
layer  equation  applicable  in  the  viscous  region  adjacent  to  the  plate  surface. 
In  the  invlscld-flow  region,  Bq.  (3)  becomes  simply 

P'1 1;  +  pv  ^  (3a) 

Equatieo  (U)  is  the  y-monentum  equation  for  the  inviscid-flow  region,  r 
the  boundazy  layer,  Eq.  (U)  becous,  in  the  present  approximate  theory, 


(4a) 


Equation  (5)  is  the  energy  equation  for  the  dlstuzbedrflow  region.  In  the 
invlscid' flow  region,  Eq.  (^)  becosms  sijgoply 


(5a) 


In  the  boundazy  .layer  region,  Eq.  ($)  can  be  coBibined  with  Eq.  (1m)  to  yield 


(5b) 
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Bqiiiatian  (6)  is  -Qie  equation  of  state.  Oonaparlng  Eqs.  (2)  sxid  ($)  with 
the  Ravler-Stekes  equations,  one  finds  that  many  terms  in  the  Navler-Stokes 
equations  axe  oedtted  in  the  present  system.  These  omissions  can  be  Justi¬ 
fied,  in  the  ranee  of  x  considered  in  Bq.  (l),  by  the  uell-known  order-of- 
iDae''!itude  arguments. 

Our  problem  is  to  determine  u,  v,  p,  q,  and  T  as  functions  of  (x,  y) 
which  satisfy  the  following  boundary  conditions: 

X  >  o,  u(x,o)  ■  o,  v(x,o)  -  v^(x) 

T(x,o)  - 

y  00,  u(x,oo)  .  u,  v(x,»)  •  o 

p(x,oo)  «  p(x,»)  »  Pp  T(x,oo)  . 

Qie  conditions  in  Eq.  (7)  are  specified  at  the  plate  stirface  whldh  is  as¬ 
sumed  to  have  a  uniform  temperature  T^.  The  velocity  of  injection,  which 
we  shall  specify  later,  is  represented  by  v^(x) .  The  conditions  in  Eq.  (8) 
are  the  conditions  of  the  uiviisturbed  free  stream;  the  subscript  1  is  being 
used  here  to  signify  the  free-stream  conditions.  We  note  that  Eq.  (8)  e^so 
specifies  the  flow  conditions  for  all  y  vtaen  x  <  o. 


-8- 


III.  THg  OVISCID-FLOW  RBGIOH 

The  Invlscld-flow  region  Is  governed  by  Bqa.  (2),  (3^),  {k),  (^),  and 
(6).  This  region  Is  bounded  by  the  leading-edge  shock  wave  which  separates 
it  tram  the  free  stream.  The  shock-wave  conditions  may  be  eagpressed  as 


vliere  y  >  Y  M  represents  the  shock-wave  equation.  Equations  (9)  and  (U) 

BBist  be  applied  as  the  boundary  conditions  for  the  equations  of  the  Inviseld 

region.  Solutions  of  the  Invlseid  region  have  been  obtained  by  Stewartson^^^ 
/o\ 

and  Qgudii.^  '  As  pointed  cut  in  Ref.  9,  these  invlseid  solutions  are  dl- 
reetly  applicable  in  the  present  investigation.  In  fact,  the  direct  ef¬ 
fects  of  the  mass  transfer  at  the  plate  surface  are  to  modify  the  boundary* 
layer  flow,  and  the  invlscld-flow  region  is  only  Influenced  indirectly 
(through  the  matching  between  the  invlseid-  and  viscous-flow  regions). 

In  the  development  of  our  theory,  we  shall  use  Ogudil's  invlseid  so¬ 
lution  in  the  matdiing  prooedure.  We  therefore  briefly  discuss  here  Qgudil's 

- ¥ - 

In  r«f.  9,  this  interesting  point  is  demonstrated  by  an  ordez^of- 
asgnitude  analysis.  Ihe  sane  kind  of  analysis  can  be  put  forward  here. 
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Invlseld  solution.  We  have,  from  thexiaodyiianics 

dl  •  !Ms 

P 

vAiexe  s  is  the  specific  entropy.  Hence,  Eq.  (^a)  becomes 

For  a  perfect  gas  with  constcmt  specific  heat,  we  have  s  a  hence 


“s  ' I; fe) - *> 


(5c) 

P r  /  '  0^  / 

Eqmtlons  (2),  (3a),  (^),  and  (5c)  form  the  exact  system  that  determines  u, 

V,  p,  and  p  in  the  invlscid  region  with  the  shock-wave  conditions  in  Eqs. 

(9),  (lO),  and  (ll).  We  introduce 

X  ■  Lx* 

.  ♦ 

y  «  Ley 

u.o[l*,V(xr)r*)] 

V  -  Uev  (x,  y  )  (ig) 

p  .  Pir  V  7*) 

p  -  p^p  (x,  y  ) 

Where  L  is  a  characteristic  length^  c  is  nondlmenslonal,  and  <  <  1. 

In  Eq.  {12.),  the  starred  quantities  curs  nondlmenslonal  and  are  all  to  be 

of  the  sens  order  of  magnitude.  Substitution  of  Eq.  (12)  into  Eqs.  (2),  (3a), 


We  may  take  L  >  1  in  the  present  Memorcmdian. 


(4),  aod  (^e)  yields 


A  stMan  function  1*  defined 
♦  -  ♦  (**i  y*) 


•udi  that 

Let  ■  oj*;  then  fl«a  Eq.  (l6)  ve  have  o>*  ■ 
p*y 

Equation  (15)  can  he  rewritten  as 


hy^ 

(18) 

)•} 

vhldi  is  the  differential  equation  for  if»  If  the  shock  wave  Is  esqpressed  as 

Y*  m  7c^  0<n<l 

(20) 

then  a  slnilarlty  variable  8  can  be  defined  as 

(21) 

and  t  can  be  e:q;nessed  as 

♦(x*,  y*)  ■  x«^  f(e) 

(22) 

Substituting  Eq.  (22)  into  Eq.  (19)  yields 


nVf  • '  +  n(n  -  1)  (f  -  0f  • )  (f ' )® 

7  +  1 


■  f*ri  (f'i'  *  ^  l-rf"  *  2(»- 1)  f*| 

In  the  Uhoek  wave  condltlms,  we  neglect  0(^)  terms  and  th\u  dbtadn  from 

IT 

Eqs.  (9a),  (lOe),  (Ua),  and  (20)  * 


(23) 


^In  Section  III,  the  prims  denotes  differentiation  with  zmspect 
to  0. 


•12 


til)  -  1 

!Ihe  function  f(d}  can  te  obtained  fron  Integration  of  Sq.  (23)  under  the 
bo^lndazy  conditiona  epeclfied  in  Eq.  (2if).  It  ahould  be  noted  that  a  alngu- 


larlly  develops  at  the  point  d  *■  vhere  f  vanlahes.  Ws  let 


f  =  A(9  -  0^) 


N 


N  >  0 


(25)* 


We  then  find  that 


2(n  -  1) 


- 

-  (f '  f  ~  -  ^  ~  (0  “  2  N  +  (N  -  1)^ 

The  pressure  p*  is  bounded  and  nonvanishing  as  6  6^/  provided  that 

For  ^  ^  Y  >  1,  Eq.  (27)  implies  that 

1  >  n  >■! 

For  the  strong-interactlon  region  on  a  flat  plate,  'ue  shall  show  n  >  3/4 


(26) 


(27) 


(27e) 


(see  Eq.  (60)).  The  constants  A  and  9^  can  be  obtained  from  the  following 


asymptotic  values 


0^  -  0  -  N  (28) 

as  f  0.  These  constants  are  reetdily  evaluated  from  the  solution  of 


*We  axe  interested  here  in  the  leading  term  in  f.  In  Ref.  8,  the 
tries  e^qpresslon  of  f  has  been  given. 
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(23)«  using  a  stepwise  integration  starting  ffosi  the  shock  wave.  The 
integration  can  be  carried  out  by  using  values  of  t(l)  and  f  (l)  given  in 
Eq.  (24)  to  conpute  f"(l)  fron  Eq.  (23).  Further,  Eq.  (23)  can  be  differ¬ 
entiated  and  used  to  conpute  f"'(l),  f""(l),  etc.  then  can  determine 

3 

f(l  + /Jh)  a  f(l)  +  f'(l)  + f"(l)+-^^  f"»(l)  +  ... 

Ogucili  has  carried  out  the  calculations  for  n  ■  3A  *“1  7  ■  7/5  (air) 
and  y  >*  (hellvua.).  Ihese  results  are  given  as  follows: 

±.  i2_ 

Air  4.40  0.591 

Helium  2.44  0.479 

Using  Eqs.  (25)  and  (I8),  we  obtain 

v*  =  nx*’^  ^  [1  +  0  (9  -  0^)j  (29) 

^  the  definition  In  Eq.  (12),  we  have,  then,  as  0  -♦  9^ 

’'6  "  “(l)  V  <»•> 


This  gives  the  value  of  at  the  e^e  of  the  viscous  boundary  layer. 
Equations  (25)  and  (26)  yield 


(30a) 


9df  gl^  Hw  sMsaun  liatilbakiaB  1b  th*  taoBiair  lagar.  IfUBfelaBB 

(29a)  aal  (30a)  provide  the  oaeful  relatiooa  for  ■atehlag  the  Imriaeld  ao- 
Intlan  idth  the  vtaeeoB-houBiBZT^laarBr  solntien.  We  tfiall  ntnni  to  Iteeo 


relatlooe  later,  but  we  ehall  now  turn  to  the  dlseueslon  of  the  vlseoue- 
flov  regloB. 
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IV.  THB  VISOOU8-nXW  BBCgOT 


The  viaeous-flow  rogion  !•  goveaned  by  Bqs.  (2),  (3)i  i^)t  (5^)#  aal  (6) 
Om  ooodltlona  at  tha  plat*  rarfboe  an  apaelfled  in  1%.  (7).  Oils  tIsoohs* 
flov  xngiOB  auat  poaaaas  a  aolntlon  that  can  ba  —nothly  Joiaad  to  lha 
invlaold  aOltttion  daaerlbad  la  tha  pravioua  aaetlon.  In  fbet,  Bqa.  (29a) 


and  (30a)  give  the  values  of  v^  and  at  the  edge  of  the  boundary  layer. 


It  is  noted  that  Bq.  (29a)  apaeifiaa  that  v^  ■  0(c).  Qiis  nonal  valoeitgr 
is,  ihgrsleally  speaking;,  the  oatiMrd>flov  velocity  tiiat  accounts  for  the 
boundaaar layer-diaplaeanent  affect.  In  other  words,  as  far  eus  the  boundary- 
layer  oalculatlons  are  eanoamad,  the  inviscid  atrean  ia  parallel  to  the 
Plata  surface.  Ihia  naln  flov  la  displaced  ootvard  by  the  boundary-layer 
affscts  vhldi  produce  the  value  of  v^.  Bence,  in  the  boundary-layer  calcu- 
latiODs,  the  leading  terns  of  the  Inviscld-streaD  condltiooas  axe 


dz 


(31a) 


^6  dx  "  dx 


(31b) 


I^(x)  -  R  Pg(x)  Tg(x)  (3le) 

nieae  coodltiODs  axe  obtainable  fron  the  Inviecld-flov  equatloDs  for  a 
nain  atrean  parallel  to  the  plate  surface. 

In  boundary-layer  calculations,  it  is  convenient  to  introduce 

H-i+|tt®  (32) 

Om  valass  of  H  vllhin  Ihe  boundary  layer  nost  satisiy  the  equation 


(33) 
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ililoli  If  Mfily  obtatDfd  bgr  <wl)lnlng  84s.  (3)  and-  (?6).  By  Eq.  (Ifa),  within 
19m  boandfsy  Ifgrfr,  we  Mut  haw* 


p(x,y)  T(x,y)  -  pg(x)3^(x)  ■  ^  j^(x)  (3l») 

Ttolag  this  xelatlon,  we  eliminate  the  wmrlahle  p  fxom  Bqs.  (2),  (3),  and  (33} 
and  Ihua  obtain 


h  /t 

a\  .  3  /v\  u  1  ^ 

ij  dT 

(35) 

5(“5) 

(36) 

f)  (1 

r)}(3T) 

la  texna  of  theae  Tarlables,  Eq.  (7)  beoomaa 

y  ■  0:  u  ■  0, 

▼  -  ▼^(x),  H  - 

(36) 

whioh  axe  the  auxfiaoe  cooditiena.  The  maln-atxeaa  bo^mdBX7  eoodltlODa  axe 
y-*»;  u-»«g,  (39) 

Aram  Iqa.  (31a)  and  (31h)  we  easily  obtain 

■  Ig  + 1  ■  OQDst.  (bo) 

la  a  hoooemxgetlc  flow,  the  constant  tern  on  the  right-hand  side  of  Eq. 
(bo)  most  be  ^  Tfaexefoce,  ^  ■  Ej^. 
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Sm  next  step  In  the  lMundaigr>dagrsr  oaleidLatlons  Is  tte  introduction 
(3) 

of  a  strsaa  itsMtlon:''^' 

/.y 

♦(*#  y)  "  J  f  4y  +  (*n) 

0*^ 

nien  we  attain 

^  u 

(42) 

(35)t  w  also  obtain 

1  56.  Jt 
s-*-S 

(43) 

1  (^\ 

(44) 

It  It  noted  that  Bqa.  (42)  and  (43)  can  also  be  written  as 


P'*"!  h 

(42a) 

P^"-f  Ie 

(43a) 

Qisse  expressions  can  be  eonpaxed  with  tbs 

^  dsflnsd  as  fOllovs: 

1 

1 

1 

PT  -  -  ^ 

(45) 

pu  ■  M 

(46) 

?  -  i  Pfc  ♦  (47) 


Unit  m  dbtaln 


me  ■tMaBllnee  can  be  Obtelaed  as  lines  of  f  ■  ^  ■  const.;  vhleh 

asy  be  ecdlsd  the  reduced  streaa  function,  is  a  generalisation  of  the 
function  used  in  Ref. 

Vow,  Hs.  (36)  and  (37)  can  be  reuritten  as 

^  -k’l?  <!>}] 


Us  let 


♦(*>y)  •  H(x)  K(ij) 

u(x,jr)  ■  Ug(x)  lC*(ij) 
H(x,y)  -  (Ktj) 


(37*) 

m 

m* 


sbers  t|  is  the  siailarity  variable  for  the  boundazjr'layer  flow.  An  ex]^elt 
definition  of  i\  will  be  Obtained  later.  Substitution  of  B^s.  (b8),  {k9), 
and  (30)  into  Bqs.  (36a)  and  (37a)  yields,  after  soa»  ■anipulatioos, 

1 

»•*  -  h  1  r,..:  - <«”)’  (3«>) 


^  •  (i?)'  (^J  *  ^ 


(37b) 


ilMxe  the  paraaster 


Section  IV,  the  prian  denotes  diffarsntiatiOQ  with  respaot  to  i| 
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bM  been  latroduaed  after  Baroa,  aal  C  la  the  C3MqpMa-Ituibeala  oon- 
ataut.^^^  We  now  let 


6x 


($2) 


Then  Bqa.  (36b)  and  (37^)  aay  be  expreaaed  aa 

(XT)'  +  ME"  -  ^  ^  (K'®  -  f-)  -  0 
o  5 


0 


(36e) 

(37c) 


9m  above  ealoulationa  are  ai^le  extenalona  of  the  Method  of  Bef.  5* 
Equations  (36b)  and  (37b)  can  also  be  Obtained  by  following  different 
approaches  such  as  those  used  In  Refs.  7  nnd  11.  Using  Bq.  (32)  we 
can  rewrite  the  last  group  of  terns  In  Eq.  (36c)  as 


2a  di^ 

\  3r 


\  .JL 


The  oonaitloos  at  the  edge  of  the  boundary 


Jfe-.JL 


layer  give 


(53) 


oF|  » 
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Qnui,  B4.  (53)  can  ba  vawitten  aa 

**6  /-.2  T  »  7  -  1/,  ,  2  ,  1  \  K'®  -  G 

3-arC=  ■’S>--V  ^ 

h  ^ 

Tor  1^  >  >  ym  thus  obtain 


(53*) 


y  -  1  (K*^  -  0) 

2y  1  m 

l_f5B 

^  dx 


(53b) 


Ihs  rlebb*  hand- side  axpreselan  la  a  ftmetion  of  t)  only^  provided  that 


IW 
ii  dx 

Pfe  d* 


m  •  const* 


Therefore,  In  order  to  obtain  the  slnllar  solutions  of  the  boundaxy  layer 
ve  Dust  have 


From  Bq,.  (52),  It  then  follows  that 


„  aa  +  1  '6 

"  h  dx 


(52a) 


But 


(0-1 


1/2 


1  *  y  -  1  ^ 


1  + 


Bq.  (92a)  IqpUea  tbat 


I?"  2^  -  ««“♦• 


ifaenoe  m  ha,V9 


aa  ■•>  1 


h  “ 

Hov,  froB  Bq.  (43),  WB  havB 

i  i-  *  1-  ^ 

M~  1  ^  s(n  -  l)(a  -  1)  +  (2n  -  3) 
-  J^5  * 

CScqpariiig  Eqs.  (29a}  and  (57)>  wa  obtain 


(52b) 

(56) 


(57) 


2(m  -  1)  +  -  1  (58) 

Oooqparlng  Eqa.  (30a)  and  (56),  ve  obtain 

2("  - 1)  -  ST^  (») 

Eqiuatlans  (58)  and  (59)  aza  uaad  to  detendne  tbe  valuaa  of  n  and  ■; 
tbOB,  m  hava 

n  -  m  -  -  ^  (60) 

IhoM  valuaa  of  n  and  a  ava  neoaaaazy  to  pandt  tka  aatcking  of  tba 
Invlaoid  aolvtlon  of  SaetlOB  ni  with  tka  vlaaoua  aol^oa  of  tka  pnaant 
aaotloQ.  Wa  akall  dlaouat  tka  aatokiag  prowknu  la  a  latar  aaotlon. 
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Iqji.  (53b)  and  (^k),  now,  m  ebtmln 


(r*.o) 


(53e) 


Aartfam,  In  tlM  bgriarMiile-atroog-lntainetlon  Mgion  on  a  flat  plated 
Iqa.  (360)  and  (37e)  aan  ba  arlttan  aa 


(37d) 


(XT)'  ♦  tt"  -  (r*®  -  0)  (36d) 

®*  *  (k  )  2  [<1  “  ®  <37^ 

ifeaxa  tazna  of  0(~)  ana  nai^etod  beoanaa  >  >  1.  Iqjnatlooa  (361) 
and  (37d)  oan  be  vSad  to  eonputa  tha  alnllar  aolublona  K(i))  and  0(t)).  ISm 
boaadaxjr  oondltlooi  In  Kqa.  (38)  and  (39)  yield  the  following  ooadltlODa: 


T)  -» 0  K*  •  0, 


H  T 

K  •  eooatt ,  0  ■  ^ 


(38a) 


K*  -  1, 


0-1 


(39«) 


liMva  danotaa  tba  atagnatlon  taavaratiiva  of  the  undiatazbad  ffaa 
atraani  Om  oondltloo  K(0)  ■  oooat.  l^pliaa  a  particular  Talua  of  Vy(x) 
that  will  ba  dlaousaad  In  tha  naxt  aaotlon.  Wa  note  bora  that  tha  tfnl- 
Inrlty  warlabla  ^  la  ralated  aa 


Ihla  raaolt  oan  be  aaally  Obtained  fraa  Iqa.  (3b),  (bg),  (b9),  and  (58)* 
Iqioatlon  (fiL)  bbova  that  tha  alnllarlty  Turlahla  uaad  hera  la  tte  aaaa 
am  adaptad  la  Raf .  11, 

A  great  aligpllfiaatlan  of  tha  qrsten  of  aqaatlana  darlwed  ahowa  oan 
be  aahlewad  by  taking  Fk  -  1,  os  ■  1.  m  thla  al^gllflad  oaaa,  wa  Obtain 
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iImtc 


K'tt  ♦  kT  -  P(K'*  -  0) 

KD*  ♦  0*  •  0 

1)  -*  0  t  K*  ■  0,  K  ■  const. 

1)  -»«  :  K*  -  1,  0-1 


P  -  ^  r 


0  -fS 


To  obtain  a  ireliinlnary  estiaate  of  'ttie  maas-transfar  effects  on  Ibe  str(»tg> 
interaction  jhenonena  on  a  flat  plata^  numerical  Integration  of  this  singpli- 
fled  system  has  bean  carried  out  for  y  ■  7/5  end  y  -  5/3.  Results  are  sum- 
narlsad  in  Figs.  2  tfarou^  12.  In  these  numerical  results^  0(0}  and  K(0) 
have  been  assigned  the  foUovlng  ranges  of  values: 


0(0)  -  ^  -  0,  0.5,  0.99,  2.0,  h.O,  6.0,  8.0,  10.0 
o 

K(0)  -  0,  hO.2,  ^0.1^,  hO.6 

For  Fr  <B  1,  G(0)  >  1  corresponds  to  the  case  of  an  Insulated  surface,  euid 
0(0)  <  1  cerrespands  to  the  ease  of  a  cooled  surface.  Positive  values  of 
K(0)  represent  stictlon  (v^  <  0),  and  negative  values  of  K(0)  represent  In- 
Jeotien  (v^  >  0)  (see  Eq.  (6Ba),  xuxt  section).  Also  calculated  are  values 


of  I  and 


idiera  I  is  defined  as 


-  J  (0  -  K'®)  di) 


(63) 


We  dball  use  these  values  of  I  In  later  caleulaticos.  In  praetloe,  tiie 
upper  llult  of  integration  in  Bq.  (63)  is  finite,  its  values  being 
given  in  Figs.  2  throuc^  12  also. 
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V.  IHE  LAW  OF  SmgACB  MASS  TBAIBFm  FOR  SIMILAR  SOnUTICTB 

la  terlYlBg  tht  •qaatiOBS  and  beundazjr  oondltioaa  for  tha  slallar  ao- 
lutlflos  In  tha  hoaodassrlaarar  flov.  It  haa  baan  aaoaaaaxjr  to  taka  K(0)  ■ 
const.  Zn  this  section,  we  briefly  discuss  the  significance  of  this 
oooditlon.  Ns  obtain,  frosi  Bga.  (k6)  and  (kk), 

-  rf«yl  (x)  ^ 

ahars  V(z)  baa  boon  daflnad  In  Bq.  (U8),  and 

-  O  5  <V)  <«> 

O 

la  the  jassaat  Inasstlgation,  Is  aaswad  oonstaat.  Iharefors,  In  order 
that  K(0)  ■  const.,  we  ^inust  have 

-  Cj^  r  (x)  K  (x)  Cj^  -  1C(0)  (66) 

ahars  is  a  constant.  Eqaatlon  (66)  gives  the  lav  of  In^etion  naoas- 
saiy  far  slallar  sOlotians.  For  o>  ■  1,  aa  6btaln 

lA  -  lA 

Vq  *  (67) 

•I/2 

whera  It  has  been  assuned  that  p  *(px)  ',p  being  a  constant  to  be  de- 
tasBlnad  later  (Bq.  (72))«  n>la  Is  the  lav  of  Injaotloa  fr  slallar  so> 
lutleas  In  tbs  hgrporseale -strong •Interaetlon  region  of  a  flat  ^ta.  It 
fallava,  froa  Bq.  (67),  that 
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la  Rif.  k,  YiMluura  «mA  tlM  cinlltlflM  a  x'  aBi  o 
liileli  an  la  agviaaaat  vith  Iqi.  (&f)  tad  (6B).  Qm  pvtaaat  tteoix  tten* 
fox*  oontalai  Yamluura's  rtralts  m  a  apaolal  etm,  vtmUj,  tha  earn  of  aa 
laaolatad  plata.  Bqioatlon  (68)  aaa  ta  aavrlttaa  aa 

K(0)  -  -  2  -  Kq  (esa) 

Oila  abova  tfaat  for  K(0)  *  eonat.  tha  naaa-tnaafar  rate  at  Ilia  plata  aurfboa 
■uat  foUov  Ilia  qpaclal  lav  la  I4.  (6Ba).  If  a  traaapiratioD-eoollag  afatan 
la  to  be  daalffkid  baaad  oa  thia  aaalyaia^  thaa  a  particular  arraa^aneat  of 
puapaj  atorafli  taaka«  PMaaura  ragulatora,  aad  aeeaaaoriaa  la  aaadad  to  pro- 
duoa  Hila  apaelal  naaa-traaalOr  rata.  la  Ilia  eaaa  of  a  fUa-eoollog  ayatam 
or  a  aubliaatloa-  or  ablatloa-eoollzig  ayatm,  aona  fUrHiar  atudlaa  ara  aacaa- 
aazy  to  obtain  an  Idaa  of  the  fMalblUtjr  of  thia  apodal  auzfaeo-aaaa-tranafar 


rata 
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VI.  MAJCanP  Of  TBE  1BVI8CID-  »3B>  VI800U8-FLOW  8<aflTI0IB 

Hw  oovlAt*  aolntlon  of  Hbm  itvenf-lnteMetioB  vofton  on  tho  flat 
plat*  will  to  dloeoMod  In  tho  pmaont  Motion.  Om  vlsoens-toiindaxsr-lagror 
■Olntlon  awt  to  aoteliod  to  tbo  lavlsold  oolutlon.  Sudi  •  aotolilng  can  to 
eanrlod  oat  In  onn  of  tha  foUoMlng  thioa  aalMMa: 

1.  Sehoan  I:  Dm  invloeld  aolntlon  dm  to  Ocuohl^^^  la  natoliad 
to  tlM  vlaooaa^MiaDdaqrljarar  aolutlan. 

2.  Sflhana  H:  Qia  Invladd  aolntlon  dua  to  Stowtaon^^^  la 

■atehad  to  tha  vlsoona-^oundoxy-laarar  aolntlon. 

_  Tl'a) 

3.  Bdbum  HI:'  Tbm  Indaeld  aolntlon  la  approrlnatoly  xopio- 
Mntad  tgr  tha  taiifant-iiadga  apscoodnatlon  and  la  than  aatdiad 
to  tha  vlacona-botaidaqr-laQrar  aolntlon. 

Via  ahall  dlaeuaa  trlafljr  baxa  Scheme  I,  making  use  of  the  results  ob- 
talnad  In  Saetlona  m  and  IV.  In  oangrlng  out  this  adiaan  of  notching 
tataaan  the  vlseoaa  and  Invlaeld  solatloos,  na  ahall  adopt  the  alnpUfl* 
cations  Pr  ■  1,  w  •  1. 

Frooi  Eg.  (61),  no  Obtain 

6  -  (r  -  1)  (®1  ** 

o*' 

V!ran  Bqa.  (t5)  and  (t6),  on  tha  atxanallna  t  ■  oonat.,  aa  tana 
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itenoa,  (Vr),  m  hum 


It  fitUtM  that 


(70) 


?  -S  -i  (r  -  1)  I  (0-  r*)  «.  (TO.) 

o 

thai«  ft  has  baaa  datandaaA  trm  Bg.  (69).  Bgiatloa  (70a)  «aa  ha  ooivazaft 
with  It.  (29a)  thus  ve  obtain 

L^A  .  -  -  1)  I  (71) 

liiBxa  I  is  tha  intscral  daflaad  in  Bg.  (63).  1V>  datanliis  c  txm  Bq.  (7l)» 
aa  naad  to  kaov  liiich,  tgr  Iqs.  (30a}*  can  be  given  as 


*lh  Bqs.  (29a)  ana  (30a),  aa  taka  n  -  3A  (“«  (60). 
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CMtilnim  Bqs.  (71)  aad  {T2a),  «•  6btaiii 

.  .{c,  .  „  -  r]  ^ 

(71*) 

FixiBlly,  «•  obtaiii  h«x«  a  aaflnltlon  of  12m  nonM— imIoimI  panoMtor  c. 
Suibstltvtlag  c  froi  Bq.  (71a)  into  Bq.  (3O0)  yialda 


*l 


fr  -  1  T 

fl(7  +  1)" 

L(7  -  1)(1  -  |)J 

(73) 


Bqinatlon  (73)  Sltos  too  pirassuia  dlatrlbutloa  in  toe  etxoni^ interaction 
vegioii  on  toe  plate  aurfaoe.  For  y  ■  1.^  9^  •  0.^91,  and  A  » 
we  obtain,  from  Eq.  (73)» 


—  m 


,kSlk6 


(73a) 


Oorilintog  Bqe.  (69),  (72a),  and  (71a),  we  obtain 

(7^) 


Equation  {jk)  gltea  toe  boundary.  lagrev-toldaMaa  diatrlbution  in  toe  atrong- 
Interaetion  region  on  toe  plate  aurfaoe.  For  7  •  l.i»,  we  obtain,  froa 


*q.  (7*^), 


(7^) 
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To  obtain  the  lurfact  Shearing  etveea. 


T  ■ 


I 


t 


^0%*'(0) 

tt: — 


(75) 


The  local -«lcln>Aclotlon  coefficient  la  then  defined  as 


itildi  can  be  expiresaed  aa 


This  gi-vea  the  variation  of  tibe  Okln  •friction  coefficient  In  the  strong - 
Interaction  region  on  the  plate  surface.  Vor  7  ■  1.^/  ve  have 


We  define  the  local  beat-treosfer  coefficient  c^  as 

-‘.(ll 

\  -  oj  B  Ea(6)  -■  1] 

We  then  find  that 


W-T 


(77) 
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Sqiuatioos  (73),  (7^),  (76),  and  (77)  are  the  results  of  matching  the  Isnrlscid 
and  rlseous  solutions  by  Seheae  I.  In  these  ceJLeulations,  we  have  used  the 
simplification  Fr  -  1  and  o)  1.  In  the  Batching  procedure,  the  viscous- 
boundary-layer  solution  has  been  Joined  continuously  with  Oguchi's  invlscid 
solution  regarding  flow  variables,  Inclidix^  pressure  and  normal  velocity. 

No  attempt  has  been  made  here  to  Join  continuously  the  inviscid  and  viscous 
solutions  regarding  the  temperature  and  density.  To  make  the  matching  con¬ 
sistent  regarding  temperatinre  and  density,  a  higher-approximation  theory 
similar  to  Oguchi's  theory  in  Ref.  8  sust  be  developed.  In  such  a  higher- 
approximation  theory  it  can  be  anticipated  that  the  interaction  between 
surface  mass  transfer  and  the  entropy  layer  behind  the  shock  wave  will 
produce  interesting  effects.  The  treataent  of  the  hlgher-approxination 
theory  will  be  deferred  to  a  future  rep>art,  and  the  discussion  will  be 
confined  to  the  present  approximation  theory.  It  will  be  seen  that  impor- 
tsmt  effects  due  to  surface  mass  transfer  can  be  found  within  the  present 
theory. 
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vn.  RgaoDips  iup  macosaioii 

BOMmAHT-LttlB  mCKlBSS 

Flea*  2  *ow  12m  affitot  ot  tmaa  tnuMter  and  vail  twi^aratuge  on  tte 
bMBdaiy^l^rar  thldoMas.  Om  MMa-tranafar  baharlaar  la  qiolta  alailar  to 
that  amarlaaead  tgr  a  nonloteractli^  boundary  layer.  Tbe  boundary-layer 
thleknaaa  Ineraaaaa  iten  aatarlal  la  Injaetad  and  daeraaaaa  liMn  aatarlal 
la  TOKnad  bgr  anotion  at  tha  vail.  Qm  vall-taaparatura  variation  of  tSM 
teandaxy-layar  thieiknaaa  abowa  an  Intazaatlng  pvqparigr.  Om  raaulta  Indl- 
oata  tiMt  tha  bomdaxy-l^rar  thldoMaa  la  noat  Inaanaltive  to  aaaa-tranafar 
affacta  for  hot-  and  oold-vall  oeodltlona.  !Qm  jaroantasa  In  thldc- 

naaa  at  a  glvan  Injoetioa  or  auction  rata  ineraaaaa  to  a  w value  vhldi 
is  reaehod  at  *  1«  Ihla  faroaatasa  chanee  then  deeraaaoa  until  it  la 
raduoad  to  laaa  than  the  eold-vall  (7^^  ■  0)  value.  Shis  vould  indleate 
that  tha  boundaxy  lagrar  is  noat  "ualleable"  at  a  1,  as  far  as  tbe 

boondazy-lagrar  thldmeas  (and,  of  ooursa,  induced  veil  pirassure)  ia  oonoaxnad. 
This  Is  the  point  at  which  the  laass  transer  affects  the  coupled  boundary 
layer  aost  effectively. 

imXICBD  SORFACaS  PBESSORB 

figure  3  ahowa  the  variatian  of  tha  Induoad  preaaure  at  tha  vail  vlth 
aaaa  transfer  and  vail  taaparatura.  Since  tha  boundaxy-layar  thicknesa  and 
induoad  preasuxa  are  directly  related,  tha  behavior  of  the  tvo  are  qiuita 
alallar.  lha  induoad  vail  prassura  Ineraasas  vltii  surfaoa  injection  baoausa 
of  tha  thickening  boundaxy  layer.  Suction  at  tha  vail  paroduoaa  the  oppoalta 
affect.  The  induced  preasura  exhiblta  tb»  aane  naTl— 

*A  • 


aanaitlvity  at 


Tw/'To 


ygLOCiBf  PHornjBS 

Bm  wBlooltgr  profile*  la  an  intemotlng  visooo*  boundazy  lagrar  tbov 
■oaa  tmasnal  dmraetarlatlea  with  aazylng  ansa  transfer  anl  nail  taavaratura. 
ms  bdtavlor  affSota  an  Intaraatlng  variation  in  tfaa  akln-frlotloa  ooaf- 
fieiant.  Whan  the  taaparatura  of  the  vail  ia  low  <  2)  (^ae  fig*  ^), 

tha  vnloeltgr  profUsa  respond  to  vail  injection  and  auction  in  the  uaual 
■annarj  that  is,  the  vnloeltgr  cpnidlant  at  the  vail  Increases,  anl  the  profile 
haooaMS  noora  ahallov  as  nass  is  removed  fropa  tit*  boondazy  layer*  It  can  be 
aaan  bov  tiie  boundazgr-lagrer  thickness  is  daeraaaad.  The  opposite  affects 
aze  bron^t  about  by  Injection. 

As  the  vail  tanperatuze  is  Increased  >  t.O),  several  things 

begin  to  happen  (see  Fig.  5)*  First,  the  velocity  profile  at  the  vail  be- 
COBBS  aore  Indaqpendnnt  of  the  taass-transfer  panoneter  until  (at  > 
8.0)  (Fig.  6)  it  Is  a  constant  for  all  values  of  representing  eztraaes 
at  veil  suction  and  injection.  Second,  the  velocity  gradient  inezeaMSS 
generally  vlth  the  increase  in  vail  tanperatuze,  finally  approaching  a  lledt 
at  «  8.0.  The  Interesting  tiling  to  note  is  that  tiie  veil  velocity 
gradient  and  the  boundazy-layer  thlticnsss  do  not  btiiave  in  a  slallar  fashion. 
Bm  reason  for  this  is  the  i^pearanoe  at  noderate  vail  teiveratures  (V^q  ■ 
h.O)  of  a  local  velocity  overtiioot  at  about  tiie  nlddls  of  tiw  boundary  lagrar. 
Since  the  pressure  is  oonstant  throughout  the  boundary  lagrar,  this  ovezeheot 
is  caused  by  the  aeoeleration  of  low-density  naterial  near  the  vail.  Biis 
effect  vas  first  cibserved  ty  Li  azid  Nagaaatsu^^^  for  the  solid-vall  ease  at 
a  similar  tenpereture  and  a  S  ■  O.hOO.  Bis  effect  her*  Is  aeadi  greater  be- 
oanae  hig^r  veil  taoperatinres  have  been  Investigated.  Bm  effect  appears 
far  the  first  tine  at  ■  ^*0.  Bm  overshoot  is  bbbII  (1  to  2  per  cent). 
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■bA  tte  wU  auB-transfir  ooodiltlon  itiU  inAuBnaeB  th*  alopt  of  tho 
voloeltgr  vrofllo  amthor  than  tho  holi^t  of  tlao  oaairihoot.  As  tho  wall 
tsusimtaro  Ineroaaos,  tho  ■aos-transfor  paranstor  no  longsr  affisets  tho 
ooU  ooloeltar  sradlont,  but  rathor  ehaasos  tiM  asixIsiBi  valus  of  tho  ooloeitgr 
oosnAioot  in  tho  bomdaxy  layor.  At  hi|h  voU  taavoratuxo  -10, 

0  -  0.206)  tho  oiforaboot  at  hl|h  ixajoetion  (K^  ■  -  0.6)  can  bo  2$  por  oont 
hlihar  than  tha  aoloeity  at  tho  outor  od^a  of  tho  boundaxy  layor.  Iho  fact 
that  tho  aurfOeo  nasa  tranafbr  diangaa  only  the  ovorahoot  valuos  and  not 
the  vail  greuUent  explains  the  interesting  result  that  the  skln-frlctlon  co¬ 
efficient  is  insensitive  to  variation  of  mass  transfer  for  very-hot-vall  con¬ 
ditions,  as  can  he  seen  in  Fig.  10.  In  fact,  for  T 10,  both  injection 
and  suction  decrease  the  skin- friction  coefficient,  albeit  by  a  small  amount. 

TBgERifflURE  PR0FILB3 

The  thozaal  boundaxy  layer  is  noxe  regular  In  Its  bbhavlor  with  asas 
transfOr  and  wall  taivoratuze  (aeo  Fig.  7).  The  thoxiOBl  boundaxy  layer  la 
about  as  thldi  as  tho  dynaale  boundaxy  layer  (3.O  <  t)  <  i».0)  and  remains  essen¬ 
tially  constant  in  thickness  m  the  vall-temperature  ratio  is  Increased.  Al¬ 
though  the  temperature  gradient  at  the  vail  becomes  very  large  for  the  hot-vall 
ease,  it  does  not  lose  its  aonaitivlty  to  tho  wall  aaas  transfer  (Fig.  8). 

It  is  still  possible  to  change  tho  hoot  transfer  by  significant  amounts  ($0 
por  oont)  oven  at  vozy  hot  surfaces.  Ihere  is  no  appoaranoo  of  an  overshoot 
similar  to  that  in  tho  velocity  profile.  Examination  of  Hg.  9  Shove  that 
adiabatic-wall  cases  above  •  ^>0  will  bo  difficult  to  obtain  with 

reasonable  mass-transfer  parasmters.  It  is  obvious  that  an  onozmoos  <  0 
will  bo  zegMlzed  to  bring  about  an  adiabatic  wall  ccmdition*  Iho  boundaxy 
layer  will  have  soparatod,  invalidating  the  oquatloas  long  before  tho  prbpor 


Fig.y—lnfluence  of  moss  transfer  on  temperature 
profiles  in  the  boundary  layer 
(T,,/To=  4.0) 
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Fig.  8 — Influence  of  moss  transfer  on  temperature 
profiles  in  the  boundary  layer 
(Tw/To=8.0) 
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Fig.  9  — The  influence  of  the  wall  temperature 
on  the  relotionship  between  the  heat  and 
moss  transfer  at  the  wall 
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ytim  la  zaaAad.  It  dioald  prowa  Intaraatlng  to  aaa  hov  thaaa  TUoaa 
loq^ood  to  a  hii^r  praatura  gzadlaat. 

fiPW-FRICnOW  OQgTlC'lBliT 

Iho  irarlatian  of  tha  akin-frletloin  eoaffleiezit  with  aua  tzanafitr  and 
nail  taapaTatma  la  ihoim  In  Vlg.  10.  lha  ddn  ftrietion  is  aoat  aanaitl'va 
to  aaaa  traaafar  at  a  cold  aall  and  loaaa  thla  aanaltivlty  qplta  zaqpldly  aa 
tha  aall  taapazmtuxa  la  Ineraaaad.  For  >  6,0,  tha  akla-fMetlon  eoaf- 
fldaot  la  aaaaixtlallar  ladapaadaot  of  aaaa  tnmafar.  Qia  oonatancy  of  tha 
ikln-ftletlon  ooaffldant  la  a  dlraet  raault  of  tha  Inaanaitlvltgr  of  ttia 
aaloellgr  graSlaat  to  aaaa  traaafar.  Figure  10  lUuatrataa  tha  l^poitanoa 
of  Baaa-tranafar  pooling  at  lov  aall  taaparaturaa.  It  la  Intaraatlag  to 
nota  tbm  Unaar  diaraetar  of  the  ralatlondhlpa.  Iha  akln*frlctlon>eoafflelant 
Tarlatlao  eaa  ha  daaorlhad  qjuita  aall  tor  an  aquation  of  tha  form 

nEAT-BiAiaim  omicmn 

Iha  haat-tranafhr  ooafXldaBt  la  dtovn  In  Fig.  11.  It  la  audi  laaa 
aanaltlaa  to  tha  anil  taaparatura  and  ratalna  Ita  dapandanoa  on  tha  aaaa 
tranafhr  aaan  at  "  10.0.  Ihla  habavior  la  qplta  In  Una  with  tha 
raaulta  Obtalaad  for  tha  taavaractura  profUas.  Again  tha  Unaarltgr  of  tha 
Baaa>tranafar  dapandanoa  la  notad.  ISw  haat-tranafar  coafflelant  vgr  ha 
daaerlhad  hgr 
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RggPUS  ABALOGY 


The  different  behavior  of  the  velocity  eud  tenperature  profiles  at 
high  wall  teaperatures  would  Indicate  severe  deviations  froB  the  Reynolds 
analogy.  This  Is  shown  In  Fig.  12.  From  this  It  Is  possible  to  conclude 
that  the  Reynolds  analogy  is  a  reasoiable  appraximatlon  only  for  a  cold 
wall;  this  approximation  worics  better  for  suctim  than  for  injection. 


Ko 


Fig  12— Influence  of  moss  transfer  on 
Reynolds'  analogy 
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VIII 


The  results  of  this  study  may  be  succinctly  stated  as  follows: 

1.  The  boundary  layer  thickens  with  Injection,  so  that  the  Inter¬ 
action  lAwnomena  increase. 

2.  The  percentage  increase  In  the  boundary- layer  thickness  Is  a 
function  of  the  wall  temperature  and  reaches  a  maximum  when  the  ratio 

3.  The  velocity  and  temperature  profiles  behave  quite  differently. 

U.  The  velocity  profiles  exhibit  an  overshoot  at  high  wall  tem¬ 
peratures  (T ^T^  Uie  value  of  this  overshoot,  as  well  as  the 

boundary- layer  thickness.  Is  dependent  on  the  mass-transfer  parameter, 
whereas  the  wall  gradient  is  essentially  a  constant.  This  explains 

the  constancy  of  the  skin- friction  coefficient  with  Kq  at  high  T 

5.  The  temperature  profiles  retain  their  sensitivity  to  up 
to  (and  probably  beyond)  T ^T^  =  10.  In  order  to  achieve  adiabatic 
wall  conditions  at  high  T values  of  will  necessarily  be  so 
high  that  the  boundary- layer  equations  will  no  longer  be  valid. 

6.  The  Reynolds  analogy  breaks  down  for  T^T^  >0.  It  retains 
its  validity  longer  for  suction  than  for  Injection. 

7.  Both  the  dimensionless  skin- friction  coefficient  and  heat- 
transfer  coefficient  exhibit  remarkably  linear  behavior.  It  appears 
that  over  a  broad  range  of  parameters  (O  <  T ^T^  <  10;  -0.6  <  Kq  <  0.6) 
the  coefficients  may  be  expressed  In  the  fora 


c_  T 

^  - 1  +  A 

f  o 
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The  euaalysls  presented  here  is  being  extended  in  seveztd  directions: 

1.  The  relationship  of  3  to  the  other  variables  is  being  exam- 

# 

ined;  all  eases  for  3  ■  0.400  are  being  evLJ.uated. 

2.  The  adiabatic  vail  condition  is  being  examined. 

3.  The  simple  sublimation  ease  is  now  being  evaluated.  This 
model  is  generated  hy  requiring  the  Clausius-Clapeyron  equation  to  be 
satisfied  at  the  wall. 

These  results  have  been  presented  in  a  paper  ("Der  Effeekt  der 
Druekvertellung  auf  die  Starke  ZShlgkeltsveehselwlrkung  im  I^yper- 
schallgeblet  an  elner  Platte  mlt  Stoff-Austausch")  read  before  the 
Vissenschaftllde  Gesellschaft  fOr  Luftfahirt,  Frelburg/Br. ,  October 

21,  1961. 
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